7626

Mt gt
NACA TN 2938

A

i

NATIONAL ADVISORY COMMITTEE
FOR AERONAUTICS

e

! i'...!

P
i

4579900
LT
AN ‘G4 AUVHEIT HOTL

L
l “

1

TECHNICAL NOTE 2938

ANALYSIS OF HEAT ADDITION IN A CONVERGENT-DIVERGENT
NOZZLE
By Donald P. Hearth and Eugene Perchonok

Lewis Flight Propulsion Laboratory
Cleveland, Ohio

Washington
April 1958




TECH LIBRARY KAFB, NM

AR R

NATTONAT, ADVISORY COMMITTEE FOR AERONAUTICS . 006kLLS? _

R BRINY
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ANATLYSIS OF HEAT ADDITION IN A CONVERGENT-DIVERGENT NOZZLE

By Donald P. Hearth and Eugene Perchonok

SUMMARY

The effect of heat addition to a divergent stream with initislly
sonic flow is analyzed and the variation of exit Mach number, static
pressure, and total pressure is presented. Application of these
results to the diverging portion of a convergent-divergent nozzle indi-
cated that nozzle heat addition delsys nozzle overexpansion and
affects the jet thrust appreciably. Moreover, misleading nozzle coef-
ficients will be computed 1f heat addition in the nozzle is ignored.

INTRODUCTION

.It has been shown (ref. 1) that an increase in jet thrust, over
that achieved with a sonic outlet, can be realized by complete expan-
gion of the exhaust gases 1n a convergent-divergent nozzle. In the
calculetion of this process and in the evaluation of experimental noz-
zle data the flow process in the nozzle is usually aessumed to be adia-
batic. However, for nozzles located directly downstream of combustion
chambers (such as ram-jet, rocket, or turbojet afterburner nozzles),
heat may be released to the working fluld during the expansion process
in the divergent portion of the nozzle as a result of inefficlent or
delayed combustion. The purpose of this report is to treat asnalyticelly
heat addition to a divergent stream with initially sonlc flow and to
employ the results thus obtalned in evaluating the effect of delayed
combustlon on convergent-divergent nozzle performance. In thls analy-
sis, which was conducted at the NACA Lewls laboratory, use is made of
the general equatlions developed in reference 2 for heat addition to a
subsonic divergent stream.

SYMBOLS
The following symbols are used in this report:
A area, sq ft
F Jet thrust, mV + A(p - py), 1b

K constant, defined in equation (3)
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M Mach number .

m mass flow, pAvV, slug/sec

P  total pressure, lb/sq £t

P static pressure, 1b/sq £t

T total temperature, ©F abs

V  velocity, ft/sec

x  constant, defined in equation (5)

he ratio of speclfic hesgts . CL
o static density, slug/cu ft
T total-temperature ratio
Subscripts: -

c combustlion chamber ..

n diverging nozzle

0] free stream

1 intermediate combustion-chamber station
2  combustion-chamber outlet

3 nozzle exlt - S
* nozzle throgt

Superscripts:

1 conditions for incremental heat addition prior to nozzle

ANALYSIS

A schematlc diasgram of the case to be considered, a combustion
chamber followed by a convergent-dlvergent exit nozzle, is shown in
figure 1. Temperature ratios of practical interest are considered and
for analysis purposes all nozzle heat addition is asssumed to occur in
the diverging portion of the nozzle. That heat addition which occurs
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in the convergent portion of the nozzle 1s treated as part of the
combustion-chamber temperature rise, thereby Influencing slightly the
total pressure available at the nozzle throat.

Assumptions
The following assumptions have been made 1n the analysis:
1. The flow can be considered as lnviscid and one-dimensional.

2. The working fluild 1s g perfect gas with a ratlo of specific
heats constant at a value of 1.30. (A negligible effect on the com-
puted results was observed by usling constant y values of 1.32 and
1.28. If, however, the value of y changes during the process, the
results would be somewhat affected. For the range of conditions con-
sidered, the value of 7t increases during the expension process. The
ineccuracy introduced by the slmplifying assumption of. a constant 7t
was not consldered of pufficient magnitude to justify additional
refinement of the computations.)

3. The expansion process 1n the convergent portion of the nozzle
is lsentroplc.

4. The nozzle throat is choked (M* = 1.0) at all times.

Heat Addition in the Divergent Portion of a Choked
Convergent-Divergent Nozzle

An anslysis of subsonic heat addition in a diverging chennel has
been made (ref. 2), and, in general, the equations developed therein
also apply to the supersonic case. In the development of these equa-
tlons, the differential forms of the equations for comservation of
momentum and energy are used in conjunction with the equation of state
for a perfect gas. The following expressions relating the changes in
static pressure, area, total temperature, and Mach number can be
obtained (see ref. 2):



4 _ . NACA TV 2938

aa (1 + yMB)ar (1 - M2)am@ (2)
g - .
2T 2M2<1 +T—2l M2>

Simple integration of these equations is possible if-it is assumed
(as in ref. 2) that :

dA dT
T =K+ (3)

The integrated form of equation (3) is:

2 () - o o

*

The rate of heat addition msy be changed by altering the comstant X,
the value of which is determined from equetion (Sa) by the temperature
rise consldered and the over-all change in flow area through which the
temperature rise occurs. Eguation (5) may not necesgsarlly describe the
actual wey in which heat i1s added but was considered adequate for
obtaining indicetions of trends in nozzle performance.

When equations (1), (2), and (3) are combined with the equation
for conservation of mass, the following expressions relating the static
pressure ratio, temperature ratio, and Mach number change across the
diverging portion of the nozzle cen be derived (see ref. 2):

X 1-
r-1, 2 X
ps  [L+ 5 Mo} [1 -2k + ym,2
P, Y-1 . 2 2 (4)
* 1 +T M3 L -2K + TMS
where
2Ky
X = S
v+ 1 + 2K(y-1) (5)
and
2 2 1
T8 TI-X r-1 . NI
C:s) (Ms) L5 ¥ (6)
T, =\— — —_—
n y-1, 2
* M* 1+ T M*
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The ratio of totel pressure at the two stations, % and 3, is %}so
of interest and is found by expressing the total pressures in terms of

the static pressures and Mach numbers: :

= .r-

I
(1+%M2)

Pz [p3 3
Py Qﬂ) X )

-1 é)
(i + =5 % i

3
'.—l

For the special case vwherein the rate of area change with heat
addition is such as to maintaln a constant Mach number throughout the

heated region, the following expressions are obtained from equations (1)
and (2):

YM +1
3
Apinal _ [ Trinel (8)
Ainitial  \Tinitial
1M
)
Prinal  Prinal [ Trinal

(9)

Pinitial Pinitial \Tinitlal

Since K for this case becomes (7M2+l)/2, the value of the static pres-
sure ratio p3/p* of equation (4) is indeterminete. The value of this

ratio 1s obtainable, however, from equation (6) which for a constant
Mach number reduces to equation (9).

If the initial Maech number is unity, and this Mach number is main-
tained throughout the divergent portion of the nozzle, equations (8)
and (9) reduce to the following:

i
A, 2
.A_* = (Tn) (88')
L
P P 2
3 3
=P = Tn) (9a)
¥* *
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For this limiting case where Mz = M_= 1.0, the value of K 1s 1.15
(v = 1.30). For values of-- K > 1.15, the exit Mach number, as well as
the Mach number at any point downstream of the throat, 1s supersonic
and greater than M.

Thrust Equatlons
Jet thrust is defined as
F=uV + A(p - pg) (10)
If equation (10) is expressed in terms of Mach number and total

pressure, a ratio can be derived relating the jet thrust at the outleb
of & convergent-divergent nozzle to the Jet thrust st the nozzle

throat. This latter value is the thrust for a sonic dlscharge. Thﬁs,
B 2 T
3 (@+yms®)
Po T
1. 2ft
Ty P, (1+1M7) .
Po gL
r-1
L (el

For M, = 1.0 and complete isentropic. expansion (P* = P3, T* =T

R 3)
and Pz =Pg), equation (11) reduces to:

F3 =(£§ [ Ms®
Fx Py _(+v)
Po X

-

b

(12)

For this process, the exit Mach number Mz and the area ratioc A5/A*

are determined from the nozzle pressure ratilo P*/Po by meking use of
isentropic flow relatlons.

If', however, heat 1s released to the working fluid as it pesses
through the diverging section of the nozzlee the expansion process 1is
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no longer isentropic and it is necessary to solve equation (11) for
the change in Jet thrust. For given velues of =T and Az A*, 8
simulteneous solution of equations (3), (4), and ?6) is required.
Appropriste substitution in equations (7) and (11) then ylelds the
desired thrust ratio.

Thus far, the lncremental temperature rise has been considered as
occurring supersonlcally in s dlvergling nozzle. It is slso of interest
to consider this incremental temperature rise as occurring subsonically
ahead of the exhaust nozzle between stations 1 and 2. From the
conservation of mass, equation (13) can be derived relating the con-
ditions at the nozzle throat wlth and without the Incremental
combustion-chamber hegt addition Te-

If equation (13) is used in conjunction with an expression similar
to equation (11), a jet thrust ratio for a sonlc outlet nozzle with and
without the incremental T, occurring prior to the nozzle can be
obtained:

~ X
P r-1
0 -
T R - s,
*
— T (14:
VR ; )
P r-1
0 T-1
(1+7) - 5 (1+——)
A Py 2 -

It should be noted that the absolute value of the over-all T at sta-
tion 1 before the addition of the incremental Ta doeg not influence
the results obtalned.

The solution of equation (14) for various values of T, requires
that the reduction in total pressure at the nozzle throat (P*' < P*)

due to the lincremental subsonic heat addition be evalusted. From the
conservetlon of mass and momentum, the following equations were derived
in & manner similar to that presented 1n reference 3:

i ]
r-1

P v-1 . 2

P,' P 1+ 7M™ (l + == Mp )

2 =t T L 2 (15
1\l + x_
) i T
T-
(l + T Ml
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2y 71 5 2 2 T-1 4 2
M2(1+—-§—M2) Ml(1+_2.—Ml) (169
(1 + vM2)% (1 + 72

In the examples computed, M; was assumed equal to 0.5,

Equation (14) indicates the gains in thrust at a sonic throat due
to the incrementel heat addition made prilor to the nozzle. TIf thls
incremental temperature rise 1s accompanied by isentroplc expansion to
ambient static pressure in a diverging nozzle (eq. 12), g further
increase in thrust-occurs. When this result 1s compared with the
result from equation (11) for the seme incremental T, the effect of
incomplete combustlon wlth the resulting heat addition in the nozzle
can be determined. :

DISCUSSION OF RESULTS

Heat Addition to a Diverging Stream with Initially
Sonic Flow

Presented in figures 2, 3, and 4 as a function of expamnslon ratio
and total-temperature ratlio are variation of exit Mach number, static
pressure retio, and total-pressure ratio for heat addition to a dlverg-
ing stream with inltlally sonic flow. The trends are generally the
same as for supersonic heat addition in e constant-srea duct (ref. 4).
For example, as shown in figure 2, the exit Mach number approaches
unity as heat is added to the supersonic stream. However, increasing
smounts of heat addition are required as the expansion ratio is
increased in order to achieve an exit Mach number Mz equal to 1.0.

The effect of thls mode of heat addition on exit static pressure
is shown by figure 3, which indicates that the addition of heat to a
diverging supersonic stream causes an lncrease in the exit static pres-
sure. Therefore, a convergent-divergent nozzle, when operating at the
design pressure ratic for complete isentropic expansion, becomes under-
expanded as heat ls released in the divergent portion of the nozzle.
Therefore, to prevent overexpansion when the nozzle is operating at
lower than deslign pressure ratlos, heat may intentlonally be added in
the diverging portion of a flxed-geometry nozzle.

As heat 1s added in the manner being considered, a loss in total
pressure occurs (fig. 4) which is considersbly greater than the loss
accoupanylng subsonic heat addition. This loss in total pressure
increases as the area ratio is increased because of the succeedingly
higher Mach:number at which the hest addition oceurs.
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The effect on jet thrust of expanding the flow from the sonic sta-
tion and simultaneously adding hest during the expansion process is
shown in figure 5. Presented (as determined by equation (11)) is the
ratio of the jet thrust at the nozzle exit to the jet thrust at the
throst FS/F*, for various tempersture ratios =<, and exit-to-throat

area ratios AS/A*. Also included on the figure are lines indicating
the pressure ratios P*/po required for complete expansion at the
operating conditions being consldered.

The gain 1n jet thrust due to expanding the flow isentropically to
ambient static pressure as compared with sonic discharge 1s shown by
the zero heat addition curve, T, = 1.0. This is the conventional thrust
gain usually computed for convergent-divergent nozzle performance and
varies from spproximately 4 percent at a pressure ratio of 5 to approxi-
mately 17 percent at a pressure ratio of 25. If, however, heat is
released in the divergent portlon of the nozzle (increasing values of
T,), additional thrust gains result. At a T of 1.20, for example,

a thrust gain from 3 to 4 percent results over the area ratio range
considered. It should be emphasized, however, that the thrust gains
indicated on this figure due to increasing value of <, occur only
because additional energy is being added to the working fluid and
that the heat released prior to the nozzle remains unchanged.

The Pollowing example illustrates the use of figure 5: A nozzle
with a pressure ratio P*/po = 7.0 and an expansion ratio A5/A*g= 1.70
(point A) is considered. At these conditions the jet thrust has been
increased 6 percent over that of a sonic outlet by complete isentropic
expansion. If, however, additional energy is added to the working
fluid in the form of hesat released in the dlverging section of the
nozzle such that =<, = 1.20, the Jjet thrust can be increased 3.5 per-
cent (point B) and %he nozzle becomes underexpanded (fig. 3). In order
to achieve complete expension, the area ratlio may be increased to a
velue of 2.13 (point C). At this poilnt the jet thrust has been
increased 13 percent over that of a sonlc outlet (a galin of 7 percent
over the isentropic expansion case) and the nozzle is at its optimum
operating condition for the <, and the pressure ratio consldered.

The family of pressure ratlio curves shown in figure 5 not only indi-
cates the area ratio variation required to maintain complete expansion
with nozzle hest addition at any glven pressure ratio but also shows
the maximum thrust possible as compared with a sonlc outlet at each
pressure ratio if additional energy is added to the system by releasing
heat in the divergling portlon of the nozzle.

The example shown in figure 5 also illustrates the use of nozzle
heat addition to prevent overexpansion. A fixed geometry nozzle 1s
considered to be designed for complete isentropic expanslon at a pres-
sure ratio of approximately 10 and an area ratio of 2.12 (point D).



10 NACA TN 2938

If the pressure ratio 1s reduced to 7.0 {as by a decrease in altitude)
and. since the nozzle area ratio is fixed at 2.12, the nozzle would be
overexpanded if the flow were expanding lsentroplcally. However, if
heat—were intentlionally added in the nozzle so theat T T 1.20, the
static pressure at the exit would be incressed to amblent statlc pres-
sure so that complete expansion would then exist (point C).

At any glven pressure ratlio, the jet thrust ratio increases essen-
tlally linearly with T,. Also, for a given value of 7T, the rate of

the-increase in thrust ratio decreases as the nozzle pressure rstio is
ralsed. In addition, a larger area ratio change 1ls required to maintaln
complete expansion at the higher pressure ratios than et the lower pres-
sure ratios.

Thruet Comparison Between Nozzle and
Combustor Hesat Addltion

A comparison on a jet thrust basls between hest additlon in the
diverging section of a nozzle and in the combustor prior to the nozzle
is presented in figure 6. The results are presented in terms of a
ratio between the jet thrust with incremental heat-addition and the
Jet thrust with a sonic outlet and no lncremental heat addition.
Although only results for a nozzle pressure Tablo Pl/po (Pl = P, for
Te = 1.0) of 10 are shown, similar trends were found for all the pres-

sure ratios consldered.

Case I in figure 6 indicstes the geins in thrust possible if the
additional energy were added in the form of heat released prilor to the
nozzle and the flow expanded isentropically to amblent static pressure
through the nozzle. If the additional energy were added in the dlverg-
ing portion of a convergent-divergent nozzle designed for complete
isentropic expansion (T = constant), the variation in thrust would be
as indicated by case II. Since subsonlic heat addition 1s more efficient
than supersonic heat addition, the galns in thrust for the same energy
input are greater for case I than for case II. However, thls dlfference
can be aspprecliably reduced 1if the area ratios are increased to maintaein
complete-expansion as heat-is added in the nozzle (case III).

Results such as presented in figure 6 have been used to determine
the effect of incomplete combustion on jet thrust. In the usual theo-
retical Jet thrust calculations it is assumed that all the energy
hes been added prior to the nozzle and that ‘the nozzle expands the flow
isentropically to ambient static pressure. Differences between measured
and theoretical values of thrust -sre then usually ascribed to inefficlen-
cles in the expansion process and are presented in the form of nozzle
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coefficients. However, 1f all of the heat released by combustion 1s
not added to the flow in the combustion chamber, but instead a portion
of it is released in the divergent portion of a convergent-divergent
exit nozzle (as by delayed combustion), the ususl nozzle coefficlents
do not adequately describe the efficiency of the nozzle.

An exsmple of the difficulty encountered in asslgning coefficients
to nozzles used with ram jebs, afterburners, and rockets 1s Indicated
in figure 7. The jet thrust was computed for an ideal frictlonless
convergent-divergent exit nozzle with an ares ratio corresponding to
complete expansion with zero nozzle heat addition at each pressure
ratlio considered. It was assumed that in one case F», an incremental
amount of the total-temperature rise across the engine, occurred in
the diverging portion of the nozzle. In the other case computed, Fs',
this increment of heat addition was assumed to occur ahead of the
nozzle throat. The ratio of these two Jet thrusts indicates the
effect of delayed combustion and 1s presented as a function of the
incremental total-temperature ratio and nozzle pressure ratio (fig. 7).
It is apparent that if part of the temperature rise occurs in the
nozzle instead of in the combustlon chamber, the Jjet thrust may be
reduced considerably. Thls thrust loss may be erroneously asgigned as
exlt nozzle inefficlency and the nozzle given misleading coefficients.

SUMMARY OF RESULTS

An asnalysis of heat addition to a diverging stream with initiglly
sonic flow ylelds the following:

1. Heat addition in the diverging portion of a convergent-
divergent nozzle spprecilably influences the Jet thrust and must be
considered when evalusting nozzle performance.

2., As hest is added to & divergling stream with initielly sonic
flow, the exit Mach number (which is supersonic) spproaches unity, the
exlt static pressure increases, the exlt total pressure decreases, and
the total momentum gt the exlt increases.

3. Although heat addition in the dlverging portion of a convergent-
divergent nozzle produces an increase in Jet thrust, the increase is
greater if the same heat 1is added prior to a completely expaending nozzle.

4. Overexpansion of a convergent-dlvergent nozzle mey be reduced
by the addition of heat in the divergent portion of such a nozzle.

Lewis Flight Propulsion Laboratory
Netional Advisory Committee for Aeronautics
Cleveland, Ohilo, February 24, 1953
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Figure 1. - Schematic diagram of typical convergent-divergent

nozzle application.




14

NACA TN 2938

] o
t T I _..._: " .
e’- “ _-“_ 11l ! ‘
._.m .ﬂ H aEm .m
Q : } t n 3 s CeR X
=] - g + n T ] H m
[ i I ! o, ; : “-— t )
m .m W 3 S _nOa_m H oW w. o s 21 I m..
£ 8 agkasil Aot ¥ 25 IS a
mwz m e __l-_ m.la s 1 o ”.l T - o ﬂm
i mw a ., X . __l A - . § H Il . 93 Y 5 m WA RayS ©
m..m- - a_lc | ] \ . -.wn T s t t Rampunzs =
LN Einatid : 5 HET |
H 4. m 1t r = H & ! A.” m
0o o L f :
HEd o) H er ©
. _ PN A 515 A m
pauER - 8
- = am.. ¢ et i H w
! -H LR 1 . I
- T K o -n._ T 1 LY "L . 2 i : ) _,_ L 3 w )
H 1 d“ u,- J. R b W ! U F
R nnTEE o
X ) i R AR AN, p] % o
} i u TIXr L) I ol
G ROH = PR § e <D .
E £ _ III\II Erry ¢' a
_ i EsRa L p B |
AEERLIRRLE T I Y _ﬂ - .m
1 X o tr 2 H FEEHEREH _. £ w ..__\h_ /]
! e % g
1. -I I T n
T ul L) = Lt
+ ] _" |_ H m, mER H .m [:H]
H £ H F | h s e h
T . LIy " t
u Lt x T _L. 13 H m ! -n
HHS - : m 5 - N H D.m .E_ ﬂ
x un T - T % _rlﬁ ™~ ..m
i : EEEE: : o Bt __:; T T =
b SEER s " TR
EiRctenannats i i saas -
¥ : T i N ] nc- “m K
e a i ; A
T s : r o
A EH . PR o
s 3 L . f W
L t HYH 1l H T\ o
N t 1T o o
} AL Liquaaz: AL o
! |” iu I 1) i ul —| + —' H .
I_.L = - t T I T in W - ] ol - L&
R : BN S T4
spuEng ! WA Ry .0
s ] i F. m..v..mr 2
] L | 1 ] i o 10 " = | I .
a { T H
2y : ““ " H HHTT BN m o~ ‘M
T " I { » 1 . L. ] 5 3
e : t r Ij LLb L
L 22 Enitas ! InaaBUNR S : yas ﬁ w_.m »
ﬁ ___-¢mI -I.- 1T _ﬂa " ,B 4 0 mo
= ) ; K 4 5 E
%) ™ o

S CIommu OB 1TXE

v



-« [
.8 :i HH i Exit Mach mumber,

HEHR y T Mg = 1.0
* 35 I'l--- :
‘& i R
& i i s
- ST H T HH Total-temperature ratlo
- -8 1 acrossg dlvergent nozzle,
p L
g ] "n

T 1.00
é SEs e 1.05
a it NG i : £ i iig
g‘ -4 |'”- i \ﬂ\ i: 1 -_1 __E 1.20
o SIS A 1,30
ﬁ = E -! u t u:‘ 1-40
5 ] rd 'I[:
‘2 - = ' b x .. _‘ H '™ o
aas=alik = Teieas tH :
g 8
1.0 1.4 1.8 2.2 2.6 3.0 3.4 3.

Expansion ratio, Azf/A,

4.2

Figure 3. - Variation of static-pressure ratlo with expension ratio for various amounts of supersonic

heat addition.

gc62 NI VOVN



16 NACA TN 2938

1.4

My = 1.0

=
Exit Mach pumber,

0 0 ~§ o St

heat additien.

[2"]
= [y I L“
g m g
e W S g
EEE B m E g
H =] I ; mu wa
mm .“u ] ====JEE o i ¥ : i o
B S S EC N RIS S i e B
ML S A S " Y
m. : : aE ]
y i B
1 N, 13

g . 8
HTHE HIH W 3
S [¢]
T == .m
1 - “.i i H
1 ERRAE'AEE on.v.
ipaar s ° -
e W ow J
e < ¥
== .1-.- H I o m
i - L)

H | ..n.v.

H } w2

T w8

H | -- 1 H 1 n
H it 3 ..m
s } tH ﬂ
w ] -n - } .w
e ¥ HH oa b
“ i “- ok 2 m
R asas B
¥ H o
ERiamusr e
i ks :
| “ 1 4 8 m—
HHE t i b
nuun- uh mm .m
-l T = .m
=E a7 RES 4y
E o}
e m g
b
w
5
-3
[
<
.W
B

*a/% ‘01981 smssead-Tel0L



\

+ » §
Total-temperature retio
across divergent nozele,
1.28 T
% 1.40
L~ 4 20
15
A | M
1.24 3 -]
N 74 P 1%
- / / / ///“4— 1.20
'%/ /7////_ 1.15 |25
/ A 1ad ]
1.20 y 7 b L~ y_,‘ ’f
Pressure ratio for conm- 4 / 1.05
Plete expansion, Pufpy | 5 74% A _W /"f"é 1
~ F Wy ’I y // ’/ _‘//_'} LA
Y A7
-
7~

NS
N
N

7
e TN A A

. Jet thrust ratio, Fy/F,

N

B

. [ Ak
e D77
I

1.00

a. 1.4 1.8 2.

n

2.8 3.0
BExpansion ratio, Asf.k*

Flgure 5. - Yariation of jJet thrust with expanaion ratio for various amounta of supersonic heat addition.

[ L]
S

3.5 4.2

£

2262 ML YOVN

LT




Jet thrust with incremental heat sddition
Jet thrust with sonic outlet and no incremental

Fs

Jet thrust with nozzle heat addition

NACA TN 2938

Case: 1 - Heat addition prior to’ ‘nozzle; area varles for
complete expansion.
II - Heat additlon in nozzle; area constant at value
for complete expansion at Tp = 1.0.
ITI - Heat addlition in nozzle; area varies for
complete expansion. --
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